Résumé. 2014 On déduit quelques résultats exacts concernant la statique de 
We derive some exact results for the statics of solitary defects (« hairpins ») in the conformations of nematic main chain worm-like polymer liquid crystals in which there is both a bending and a nematic contribution to the potential energy. It is shown that for a polymer of finite length in mechanical equilibrium there can exist only a finite number of hairpins and that these are all unstable configurations. These results (which are also applicable to combs) are then used to prove that the destruction of a long single hairpin proceeds via the hairpin reptating along its own length even in the absence of entanglements. The two separate cases of a continuous worm, and a worm consisting of N links are studied. The implications for the frequency dependent dielectric response are discussed.
J. Phys. France 51 (1990) [1] and are predicted to become rodlike eventually, albeit with thermally generated transverse wiggles [2] . Their wormlike (rather than the usual Gaussian) character then becomes essential to consider. PLCs exhibit rather strange rheological properties, for instance, they show no or little dye swell. In order make theoretical predictions about the rheology of PLCs it is first necessary to study their dynamics. Here we present an investigation of PLCs which are worm-like and have a nematic backbone. Typically these polymers consist of stiff nematic monomeric units joined together by spacers to form a reasonably stiff chain overall. Other PLCs sufficiently hinged so as to be semi-flexible should also be encompassed by the worm model. The chain stiffness implies that the polymer pays an energy penalty for bending, and the nematic elements mean that the polymer pays an energy penalty for swimming across the nematic direction. The question arises as to how such a worm-like chain moves in the nematic field presented by its neighbours. We shall answer this question for relatively well-ordered low temperature nematic melts.
We represent the polymer of length L in two dimensions by the trajectory of the angle it makes with the x axis, 0 (s ) where s is the arc length measured from one end of the polymer.
The nematic director is assumed to point in the ± x direction. The energy may be written as a functional of 8(s) Here S is the order parameter P2 [cos 8 (s)]) (where the average is taken over all worms for all values of s) and e and a are the elastic bend and nematic mean field coupling constants respectively. In (1) the term Ep2 sin2 (J (s) has been omitted. However (1) is a good representation for 3-D nematic worms at temperatures where the meandering away of the chain from the nematic director is expensive (compared with kB T) and hence the variation of the 0 coordinate is small (particularly when 0 o--ir/2). The obvious configuration for a polymer molecule to have in order to minimise its energy is for it to lie entirely along the nematic direction. However, at finite temperatures entropic considerations will be important.
There will be many small excursions 0 (s) #= 0 away from X, but more importantly if the worm is flexible enough de Gennes [3] has suggested it will undergo rapid reversals in direction to form hairpins. The energetic cost of a hairpin is counter-balanced by the entropy of where it can be placed along the chain's length. Such defects drastically affect chain dimensions (the first one halves the x-dimension) and are predicted to have a significant influence on the dielectric response [4] . Experimental proof of the dominance of hairpins in main chain PLC's is hinted at by the work of D'Allest et al. [1] . In particular in figure 6 of reference [1] [3] . It will play an important role in the remainder of the paper both because it is much simpler than the more general solution (6) , and because (as shown below) one should be able to extend the degree of polymerisation so that the infinite hairpin solution is a good approximation. In this case most of the worm forms the arms of the hairpin, which are aligned almost along the nematic director. In a small region with -À s À most of the bending takes place, and most of the energy is stored. In the opposite limit we have L/ À -ir --&#x3E; 0, k --&#x3E; 0 and , This implies that cos 0 (s ) = k sn (slk, k ) = 0 so that the worm is aligned perpendicular to the director. As L/ À decreases from infinity to 'TT the hairpin arms spread out until they reach this very degenerate form of hairpin. This however is not a gradual process. For knearl,.
Inserting this in (7), one sees that the infinité hairpin solution is approached « exponentially rapidly » as the degree of polymérisation is increased. In our later models of the dynamics we shall draw heavily on this observation. In effect the extreme non-linearity of (1) (7) shows, for instance that 0 (0) = 4 e 2 À « 1 so that the ends of the chain are pinned along the ordering direction for L &#x3E; À.
To generalise equation (6) (13) where K(k),and hence k, only depends upon L/n, and from the solutions (11) and (12) which each have a point midway between the hairpins where d8/ds = 0. This implies that they may be cut at that point and the free end boundary conditions will still be satisfied. We thus have an « additivity » property for hairpins in static equilibrium. We now have all the solutions to the problem of a worm in mechanical equilibrium in a nematic field. The worm is either parallel to the director, perpendicular to the director, or is in one of the small number of hairpin states given by equation (11) . From these solutions and equation (1) we can proceed to calculate the energy of a system of n hairpins in mechanical equilibrium. The results for the nematic, bending and total energy are respectively. Here E (k ) is the complete normal elliptic integral of the second kind. The typical behaviour of these three functions is shown in figure 2 . The bending contribution to the energy is never greater than the nematic part because k2 _ 1. The bending energy does not always reach a maximum as shown in figure 2 but is always concave down. This depends critically on the ratio L / À. If this ratio is slightly larger than a multiple of 1T then the maximum number of hairpins allowable gives a trajectory which is close to 0 (s) = 7r/2 and k = 0 and the bending energy will be less for large n than for intermediate n. For an infinite hairpin the contributions from the nematic and bending terms are equal. To examine the dependence of the total energy on the number of hairpins we look at the case where the possible number of hairpins is large (i.e. where L/ À &#x3E; ir). For n « nmax, k::= 1 and E (k ) may be expanded in a power series in k which yields U(n) = n Uh. Thus as expected when the hairpins are well separated they do not interact strongly and the total energy is merely n times the energy of a single infinite hairpin. This result was used in de Gennes' zero (9) curve is the nematic contribution to the energy, and the (0) curve is the bending contribution. The former dominates at large hairpin number because the chain is then almost always aligned perpendicular to the nematic director with very little bend. temperature analysis [3] and can also be seen in the finite temperature study of Wamer et al. [2] . As the number of hairpins is increased they begin to interact, and as shown in figure 2 ( -L ) so that the decay time grows at least exponentially with the length. Thus we can say that long hairpins are « quasi-stable » and that the stability of the infinite hairpin is approached very rapidly. This quasi-stability will be important in section 4 where we use the amplitudes of the linearised eigenmodes as coordinates and where we need to be sure that we are predominantly in the linear regime. We have thus shown that any hairpin solution will « unwind » (in either a nematic backbone worm or in a comb) because it is driven to do so by the potential. In practice, unless the ratio of L to na is small or unless the temperature is very low these potential driven effects will be unimportant and one can think of the motion in the lowest eigenmode as being essentially free (see Sect. 5).
We now discuss the discrete case : an N-link worm consisting of N + 1 beads joined by N rigid links with angular coordinates 0 = (0 1, ---, 0 N ) as shown in figure 3 . We limit the discussion to N even and to one hairpin per worm, although the findings are likely to be quite general. Using a discretised version of (1) [7] . Here we shall treat the motion using the later assumption. For the purposes of dynamics it probably should not matter which assumption is used unless one is interested in very high frequency phenomena.
The constraint of inextensibility is an extremely non linear one which has the effect of coupling distant parts of the chain. We shall see that this implies a friction matrix which is non-local. Coping with these difficulties is an extremely subtle and complex process. Edwards and Goodyear [8] set up the dynamical equations of a chain of freely jointed rods using a Lagrange multiplier technique. They showed that the law of equipartition yielded 2/2 kB T average energy per segment instead of the 3/2 kB T result which one would obtain if each link did not have a constraint reducing the number of degrees of freedom. Soda [9] set up equivalent equations for a worm-like chain. The equations of motion need to be solved with Lagrange multiplier forces included which make the chain inextensible. Arag6n and Pecora [10] figure 6 (which guarantees local preservation of length in a chain) with two extra discrete coordinates x and y needed to give the position of the centre of mass. We make the usual assumption of polymer dynamics that frictional forces dominate inertia and that Newton's 2nd law may be written as F = 0. To exhibit the equations of motion for a worm we first need to calculate the friction « matrix » (or its inverse the « mobility matrix ») [11] . We do this here using Rayleigh's dissipation function [12] where x(s) and y (s ) are the x and y coordinates respectively of the part of the worm at arc length coordinate s, and f = dlldt. We have used different friction constants per unit length gx and 1£y for the two orthogonal directions so that the corresponding friction matrix will be valid when the friction perpendicular to the director differs from that along the director. Using the fact that inertia is unimportant in our system and hence the Lagrangian is just -U, Lagrange's equations are These equations will be valid when there are no random forces acting on the worm. Once the friction matrix has been derived random forces can be included using the fluctuationdissipation theorem. Using equation (1) This energy change is negative and hence this kind of motion (which is effectively the worm sliding along its own length) could be used to destroy a hairpin in a worm. That this is the only motion which can destroy a hairpin in a long worm follows from the fact that the energy change given by (44) is negative and exponentially small in the long worm limit whereas that of splaying is positive and extremely large. (37)) where JC is a step function defined by To calculate the linearised eigenmodes 4)' about a chain in the equilibrium hairpin configuration 00 we need to solve the following matrix equation so that the qv's are eigenvectors for the generalised matrix problem involving the friction matrix and the matrix of second derivatives of the energy. The eigenvectors are normalised so that If we perturb a chain slightly from its equilibrium configuration so that 0 = 00 + a then we may expand the perturbation a in the eigenmodes so that
We now use the amplitudes of the eigenmodes, the a "'s, as our coordinates. The energy expressed in terms of these coordinates is and the mobility matrix for these coordinates is simply the identity matrix. Thus, in the absence of any random forces the amplitudes obey a " = a' exp " t ). In the presence of such forces the a'"s independently undergo random walks in parabolic potentials. The problem of a particle undergoing a random walk in a harmonic potential is standard [13, 11] . figure 7 . From these it is clear that the first mode involves the hairpin moving along its own length and undergoing virtually no change in energy, consistent with its eigenfrequency being close to zero. This implies that in the presence of random forces it undergoes free diffusion, unless the temperature is very low in which case the effect of the very small potential would be important. However, the next two modes (and all higher modes) involve both a large nematic and a large bending energy penalty and hence decay rapidly. Thus at long times the high energy modes become unimportant and the hairpin diffuses along its own length. This is the method by which hairpins will be destroyed at temperatures low enough that the linear approximation is valid, but not so low that the potential driving a hairpin to unwind dominates over diffusion. Estimates of these temperatures are given later. Of course, once the hairpin has moved a significant distance along its own length the chain will no longer be in a state which is a solution of the equations of mechanical equilibrium, and we must question the linearised approximation. The highly localised form (9) figure 8 . In the first regime the two arms of the chain are longer (ii) the bend has moved by shuffling length between each arm. In (üi) the shortest arm has become less than a few hairpin lengths long and rapidly flips over. than k and they are represented (in (i) and (ii)) by straight arms aligned perfectly along the nematic director. In the second regime (iii) one of the arms becomes shorter than À and the hairpin rapidly unwinds by whipping the shorter arm around so it is parallel with the longer arm. This unwinding is driven by a strong potential gradient and is assumed to occur on a timescale which is much shorter than that for the non-unwinding motion. In this section we concentrate on the first regime. The length involved in the hairpin bend is entirely neglected so that L &#x3E; k and the chain thus has no extension in the y direction from this cause. The coordinate system used is shown in figure 9 . The chain is described by its centre of mass position x and the length sl of one of the arms. The Rayleighian is :
which gives a mobility in SI space of [4, 5, 14] that these processes are central to the relaxation of the linear dielectric coefficient, X(1), and to the build up and decay of X(2) (the nonlinear dielectric coefficient associated with nonlinear optical response) in a poling field. It does not appear that experiments to find the signature of hairpins by dielectric response have yet been attempted. The requirement on chain architecture that this motion be seen in dielectric response is that the onboard component of the dipole point in the same sense along the chain from monomer to monomer. The direction of the outboard component is irrelevant in a uniaxial nematic phase. Antiferroelectric tendencies present an ultimate limit to this problem and are discussed elsewhere [4, 5] .
The argument is as follows. Consider a chain consisting of monomers where the permanent dipoles and the donor-acceptor pairs (for NLO response) all point the same way along the backbone. The application of a poling field Ep induces a bias between conformations and their oppositely directed mirror images, figure 10 , since now their energies are different. The bias is created by distorting the distribution of hairpins from being uniform along the chain length to the situation where type (a) with one of the arms s &#x3E; L -si dominates type (b) (with si « L -sl).
The distortion of W (si ) can be calculated [4, 5, 14] where A is a constant, and hence the contribution from the one hairpin states to the electric r susceptibilities decays in time like (2 si -L&#x3E; -e T2 . In fact, since the motion of a single hairpin generated in an initially h.p. free chain can cause it to tum over, the zero hairpin _ t contribution should also decay as e T2.
We thus predict that the decay of X(2) (which is particularly easy to measure using the linear Pockels effect [15] ) with time after Ep has been applied and then switched off should be characterised by T2. To see how T2 scales with N this experiment has to be done with several molecular weights. Several delicate questions arise involving the competition between rates of hairpin transport and generation. The various regimes are discussed in the context of combs in [5] . We shall retum to this in detail when we discuss the many hairpin case.
